We present a detailed derivation of the effective dielectric constant to be used in the dispersion relation for electrostatic waves in the case of a plasma immersed in a inhomogeneous magnetic field, with inhomogeneity perpendicular to the direction of the magnetic field.
Introduction
We have recently discussed the correct form of the dispersion relation for electrostatic waves in inhomogeneous plasmas, considering for simplicity the particular case in which the magnetic field is homogeneous and other plasma parameters can be inhomogeneous, and deriving a general expression for the dielectric constant, valid for arbitrary direction of propagation [1] [2] [3] The situation in which the magnetic field is homogeneous has been chosen for these studies because it features a relatively simple geometry, which has been useful for the discussion of basic features, like the symmetry properties of the effective dielectric tensor. More general situations which also feature inhomogeneity in the magnetic field introduce considerable difficulty to the derivation of the effective dielectric tensor and to the effective dielectric constant, since the inhomogeneity in the magnetic field affects the resonance condition [4, 5] .
From the derivation presented in Refs. [3] and [2] , it is important to remember here that the dispersion relation for electrostatic waves in inhomogeneous plasmas can be written in a general form which is well known from the literature [6] ,
where the ↔ ε is the dielectric tensor and ε l is the longitudinal dielectric constant,
It is also important to remember here that it has been demonstrated that for an inhomogeneous plasma the dielectric properties are given by the so-called effective dielectric tensor, instead of the conventional dielectric tensor [2, 7, 8] . When studying electrostatic waves, therefore, Eq. (1) must be utilized along with an effective dielectric tensor and an effective dielectric constant, derived according to Eq. (2) , with the components of the effective dielectric tensor appearing in the right-hand side.
In the present paper we derive the effective dielectric constant considering the case of a magnetic field featuring perpendicular gradients, therefore complementing the formulation appearing in Refs. [2, 3] . The geometry to be used is the same geometry which has been adopted in Ref. [5] , which has been concerned with the general dispersion relation for electromagnetic waves. The derivation requires a considerable amount of algebraic work whose main steps are illustrated in the following sections. Due to the details which must be provided, we emphasize analytical features of the derivation, leaving detailed applications with numerical results to forthcoming publications.
The structure of the paper is the following: In section 2 the formulation employed in Ref. [5] is adopted and applied to the derivation of a general expression for the effective dielectric constant, and in section III the general expression is particularized to the case in which the plasma particles possess a Maxwellian distribution function.
Derivation of the longitudinal dielectric constant
Let us assume a plasma immersed into an inhomogeneous magnetic field, with weak inhomogeneity perpendicular to the direction of B. Using Eq. (3) from Ref. [5] :
where
In these expressions we have
The geometry utilized has been the following. The magnetic field has been considered pointing in the z direction, and inhomogeneous in the x direction, B 0 = B 0 (x)e z . The waves were assumed propagating in arbitrary directions, with k and k ⊥ as the components of the wave vector respectively parallel and perpendicular to the magnetic field. The wave angular frequency has been denoted as ω. ψ denotes the angle between the vector k ⊥ and the direction of the inhomogeneity. The inhomogeneity has been assumed to be weak, such that the cyclotron frequency has been written as
where Ω α (x) = (q α B 0 (x)/m α c) is the particle cyclotron angular frequency, m α is the particle rest mass, q α is the particle charge, c is the velocity of light, B ≡
, and x α is the unperturbed position of particle α.
We also used
The longitudinal dielectric constant can be obtained from the effective dielectric tensor as follows,
where we did not use the indexes nα in the components Π i , for simplicity. We see that it is necessary to evaluate the following product,
Therefore, the quantity of interest is given by
After some straightforward algebra, using
Using now the expression for F 1/2 G ± , and separating the terms containing S n cos ψ from those with i sin ψ, we obtain 
Using this property, Eq. (6) can be written as follows,
This is an alternative expression to be utilized instead of Eq. (6), for evaluation of the dielectric constant, given by Eq. (5).
In the homogeneous limit,
In that case it is easy to show that Eq. (7) is reduced to the following expression,
and therefore,
where we have performed the integration over the time variable,
Equation (8) corresponds to the homogeneous contribution appearing in Ref. [2] . It is easy to see that the same limit is obtained using the alternative form, based on Eq. (7).
Another interesting limit to be considered corresponds to the case of propagation parallel to the magnetic field,
The Bessel functions become all independent of k ⊥ . Therefore, for vanishing k ⊥ , all terms which have combinations of Bessel functions multiplied by k ⊥ should vanish. After a small amount of algebra, it is easy to show that Eq. (5) becomes
For propagation parallel to the direction of the inhomogeneity,
and
The last limiting case to be considered is the case of propagation perpendicular to the direction of the magnetic field and of the inhomogeneity.
The dielectric constant in these cases is given by Eq. (5), with
In the same limit, an alternative expression can be obtained using Eq. (7), resulting the following,
The dielectric constant for the case of a Maxwellian distribution function
Let us assume a Maxwellian distribution function for particles of type α,
Choosing the coordinate system in order to have x = 0, and considering, for simplicity, the non-relativistic limit, we obtain
The quantities x ± n and F nα do not depend on the parallel momentum, which only appears in the product
Therefore we are left with the following integrals over parallel momentum,
with j = 0, 1, 2. These can be easily performed, with the following results,
(13) Using these results,
In order to simplify the ensuing calculations, we introduce the following notation,
Moreover, we define
Using this notation,
and the dielectric constant becomes the following
In this expression we can find the following integrals over the perpendicular variable,
These integrals can be easily solved, and are given by simple expressions involving the modified Bessel function I n [9] 
Using the symbols introduced by Eqs. (19), and the notation introduced by Eqs. (21), we can write
and y
The dielectric constant therefore can be written as follows,
Using the integrals given by Eqs. (21),
where we have taken into account the following
We now introduce the definition of the "inhomogeneous plasma dispersion function", for the non-relativistic case [5] 
Eq. (26) can be prepared for the use of the inhomogeneous plasma dispersion function, as follows,
Using the definition of the inhomogeneous dispersion function, we obtain the following 
S nα (t) .
Taking into account the following property, e ±iSnψ = cos(S n ψ) ± i sin(S n ψ) = cos(ψ) ± iS n sin(ψ),
we obtain, T 
